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The three-dimensional periodic nature of crystalline structures was so strongly anchored
in the minds of scientists that the numerous indications that seemed to question this
model struggled to acquire the status of validity. The discovery of aperiodic crystals, a
generic term including modulated, composite and quasicrystal structures, started in the
1970s with the discovery of incommensurately modulated structures and the presence of
satellite reﬂections surrounding the main reﬂections in the diffraction patterns. The need
to use additional integers to index such diffractograms was soon adopted and theoretical
considerations showed that any crystal structure requiring more than three integers to
index its diffraction pattern could be described as a periodic object in a higher
dimensional space, i.e. superspace, with dimension equal to the number of required
integers. The structure observed in physical space is thus a three-dimensional
intersection of the structure described as periodic in superspace.
Once the symmetry properties of aperiodic crystals were established, the superspace
theory was soon adopted in order to describe numerous examples of incommensurate
crystal structures from natural and synthetic organic and inorganic compounds even to
proteins. Aperiodic crystals thus exhibit perfect atomic structures with long-range order,
but without any three-dimensional translational symmetry.
The discovery of modulated structures was soon followed by the discovery of
composite structures consisting of structural entities with partly independent translations
and ﬁnally by the discovery of quasicrystals.
In recent years, the use of CCD and imaging plate systems improved considerably the
sensitivity of data collection for aperiodic structures and in particular modulated
structures and, therefore, there was a need for further improvement of the methods.
Today, several computer programs are able to solve and reﬁne incommensurately
modulated structures using the superspace approach.
In nature, it is uncommon to ﬁnd minerals which have strong and sharp
incommensurate satellites that could be used for a higher dimensional reﬁnement.
Here we describe several cases of aperiodic minerals (natrite, calaverite, melilite,
fresnoite, pearceitepolybasite, cylindrite) including the ﬁrst examples of natural and
stable quasicrystalline structures (icosahedrite and decagonite) which settle beyond
doubt any questions which remain about the long-term stability of quasicrystals.
1. Is the law of rational indices of general validity?
Background information from the history of crystallography
The discovery of X-ray diffraction in 1912 followed by the ﬁrst descriptions of simple
crystalline structures by the Braggs in 1914 were at the origin of a new paradigm in the
ﬁeld of physics and chemistry in particular concerning the structural properties of
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matter. The award of the Nobel prize in physics to Max von Laue in 1914 for the
discovery of X-ray diffraction by crystals followed a year later by another such prize to
W. Henry and W. Lawrence Bragg for the analysis of crystal structures by means of
X-rays, is direct proof of the tremendous signiﬁcance and impact of diffraction on the
scientiﬁc community. The elegant description of crystalline structures on the basis of a
three-dimensional periodical array of atoms was so convincing at that time that no
scientist dared to question this seemingly universal model.
Note that the ﬁrst analyses of crystal structures, based on diffraction experiments,
beneﬁtted enormously from the pioneering works of mineralogists like Hau¨y, Bravais and
many others. The law of rational indices and the notions of direct and reciprocal lattice
vectors were already well known as well as the fact that crystalline faces were parallel to
lattice planes and normal to reciprocal lattice vectors (e.g. Rigault, 1999). Therefore, the
three (usually small) indices used to characterize any single crystalline face could easily be
associated with the same three indices characterizing each single spot on the newly
discovered X-ray diffraction (XRD) patterns. Obviously, these three indices were considered
to be direct proof of the three-dimensional periodic character of crystalline matter.
And yet, by the beginning of the 20th century, mineralogists had already presented
some striking observations pertaining to the general validity of the law of rational
indices. We shall follow the evolution of these observations with the example of the
mineral calaverite (Au1xAgxTe2, with 0 4 x 4 0.33) over a period of nearly one
century. First Penﬁeld and Ford (1902) pointed to the difﬁculties involved in indexing
faces with small rational indices. Later Smith (1903) used a collection of 49 different
samples and attempted to ﬁnd a plausible model for indexing the crystal faces. The best
he could propose was to admit the existence of three interpenetrating structures, two of
them triclinic and one monoclinic! Faced with this awkward interpretation, the author
proposed for the ﬁrst time the idea of incommensurability in crystals.
Some 30 years later, Goldschmidt, Palache and Peacock (1931, labelled hereafter as
GPP) investigated a collection of 105 different samples originating from different
continents with high-precision goniometry and here again no simple indexing model
could be proposed. The authors concluded that ‘‘the law of rational indices is not of
general validity’’ and that crystalline faces might have irrational indices. Of course,
from our 21st century point of view they were right but the three-dimensional periodic
nature of crystals was so deep-rooted in the minds of scientists that the conclusions of
their study had to wait another half century before being fully recognized! It is worth
looking at the gnomonic projection published by GPP in order to see how close they
were to a breakthrough in the interpretation of their data. Figure 1 is an augmented
representation of the original ﬁgure. It can be interpreted as a representation of the
structure in reciprocal space. The dark grid linking the open points indicated by letters
is from the original ﬁgure. To each node of the grid we can thus assign three indices (the
ﬁrst three integers). For the remaining grey points, we observe that all of them are
located on a series of parallel lines indicated by the vector, q, represented on the ﬁgure,
each of them crossing the grid points mentioned above. Moreover, each one is located
on integer multiples of the same vector. Thus, it seems natural to reinterpret each point
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of the gnomonic projection in terms of three indices provided by the lattice point
containing the parallel line and a fourth index giving the multiple of the vector, q. Thus
each point is characterized uniquely by four indices. On Fig. 1 for example, points with
indices 111¯0, 111¯1...111¯5 are indicated. (Note that the four indices used here are not to
be confused with the indexing with four integers used for trigonal and hexagonal
crystals!). The addition of a fourth reciprocal lattice vector, q, prevents us from using
any irrational number to fully index the gnomonic projection. We shall see below how
we can deal with the additional vector, q.
The understanding of the morphology of calaverite had to wait nearly half a century
when Janner and Dam (1989) published a new and more convincing indexing of the
calaverite forms (Fig. 2) based on the GPP data. All the faces could be indexed in terms
of a twin and the four indices presented above.
Fig. 1. Gnomonic projection of the crystal forms of calaverite according toGoldschmidt et al. (1931). The
inset illustrates the original ﬁgure whereas the main ﬁgure is reinterpreted by indicating the three
reciprocal basis vectors a*, b*and c* and introducing an additional vector q allowing the indexing of all
the forms in terms of four indices.
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The need for and the signiﬁcance of using additional indices was only understood later
when diffraction patterns of mainly single crystals started to appear. It is worth citing the
work of Korekawa (1967) who published his ‘Habilitationsschrift’ in German on the theory
of satellite reﬂections. At that time, a few examples of single-crystal diffraction patterns
could only meaningfully be indexed by using four indices, similar to the indexation of the
calaverite forms based on GPP data. Soon the expression ‘satellites’ was adopted for those
reﬂections with the fourth index different from 0. In other words, all those equidistant
reﬂections located on a straight line crossing a main reﬂection located at the intersection of a
three-dimensional reciprocal lattice were called ‘satellite’ reﬂections. In his work, Korekawa
(1967) did show how a periodical perturbation or modulation in addition to the independent
three-dimensional lattice periodicity could lead to the formation of satellite reﬂections, hence
the name ‘modulated structures’ to characterize them. He studied various longitudinal and
transversal periodic distortions as well as density variations and showed their effect on the
diffraction patterns. In particular, he could explain the formation of satellite reﬂections in
labradorite, a variety of the mineral anorthite, which will be mentioned below.
Unfortunately, the work of Korekawa (1967) did not have the expected impact in
structural sciences probably because of its lack of symmetry treatment for modulated
structures. Symmetry is so fundamental for the description of periodic structures that
any theory of modulated structure has to include its symmetry properties. The ﬁrst
treatment of the symmetry of modulated structures was by P.M. de Wolff who
Fig. 2. A reinterpretation of the calaverite forms originally published byGoldschmidt et al. (1931).All the
faces of the twin indicated on the left are indexed with four indices (right).
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published in 1974 the ﬁrst elements of a symmetry theory with the example of the
modulated structure of g-Na2CO3. This work is at the basis of the theory, which was
later called ‘superspace’, a higher dimensional space, which is particularly convenient
to describe modulated structures. A modulated structure is periodic in superspace and
its three-dimensional section is the real-space representation of its structure. The
concept of superspace will be described in more detail below.
Once structural scientists realised that the paradigm of purely three-dimensional
structures had to be abandoned, the path for new discoveries on the complexity of
materials was opened. In 1981, Makovicky and Hyde published an important study of
non-commensurate (misﬁt) layer structures describing numerous examples of mineral
structures consisting of two components each showing no commensurability in the
periodicities of the structural components parallel to the layers but strict periodicity
normal to the layers. Structures with similar characteristics are currently classiﬁed
under the name ‘composite’ structures. It was later realised that composite structures
could also be very conveniently described in terms of the superspace concept.
The publication with the largest impact on structural sciences relates to the discovery
of ‘‘quasicrystals’’ by Shechtman, Blech, Gratias and Cahn (1984). The authors
discovered the existence of stable metallic phases with long-range orientational order
but without any translational symmetry. Here again, the diffraction patterns could only
meaningfully be indexed by using up to six (usually small) integers. This discovery laid
the basis for a new research paradigm and established deﬁnitely the superspace concept
as the tool of choice to describe ‘aperiodic’ structures, a generic term combining
modulated, composite and quasicrystalline structures.
2. An elementary introduction to the concept of superspace and redeﬁnition
of a crystal
In order to gain some insight into the concept of superspace, let us consider the
indexation of the series of points located on the gnomonic projection represented in
Fig. 1. We have seen that the gnomonic projection is a faithful representation of the
reciprocal space similar to a reciprocal layer of a diffraction pattern. Therefore, any
point can be represented by a reciprocal lattice vector, H (equation 1) in terms of the
basis vectors, ai
* (i = 1,2,3) and the modulation vector, q, with integers hi and m:
H = h1a1
* + h2a2
* + h3a3
* + mq (1)
Our next task is to represent our reciprocal space in higher dimension, i.e. in
superspace, in order to accommodate the additional reciprocal lattice vector, q. This
can be done according to the recipe illustrated in Fig. 3. The basic principle of this
extension is to consider that the satellite reﬂections observed in diffraction patterns
result from a projection of a higher-dimensional space onto the physical space. Let us
deal ﬁrst with the vector aS4
* deﬁned in superspace. It has a component q in the physical
space R* (also called ‘external’ or ‘parallel space’) and the unit vector, e4
* in the space
normal to it, which is sometimes called ‘internal space’ or ‘perpendicular space’. The
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modulation vector q is usually expressed in terms of the reciprocal lattice vector:
q = aa1
* + ba2
* + ga3
* (2)
Thus aS4
* can be expressed in the two-component form given in equation 4. The
expression for the other components aSi
* (where i = 1, 2, 3) is somewhat simpler, only the
external component is present whereas the internal component is nil. This is illustrated
in Fig. 3 for the vectors aS1
* and a1
* which are parallel and have the same length.
Once the reciprocal lattice vectors are deﬁned in superspace, the corresponding dual
vectors in superspace can be derived. Similar to the classical case in 3D, we can use the
same relation between direct and reciprocal lattice vectors. The scalar product of direct
and reciprocal lattice vectors is given by the Kronecker symbol dij, i.e. d = 1 if i and j are
identical and 0 otherwise. We have to generalize the scalar product in order to include
both external and internal components of the vectors (the indices for the external
components are omitted):
uS·vS = u·v + uIvI for (u, uI) and (v, vI) (3)
The deﬁnition of the lattice vectors in superspace is thus given by equation 4. Each
vector consists of two components given in parentheses, the external and the internal
components, respectively.
aS1
* = (a1
*, 0)
} ? aSi·aSj* = dij ? {
aS1 = (a1, –q·a1)
(4)
aS2
* = (a2
*, 0) aS2 = (a2, –q·a2)
aS3
* = (a3
*, 0) aS3 = (a3, –q·a3)
aS4
* = (q,1) aS4 = (0,1)
For simpliﬁcation, the above deﬁnition is limited to four dimensions. It is
straightforward to include additional dimensions with modulation vectors q1, q2, etc.
and to derive the corresponding superspace components.
Fig. 3. Representation of main and satellite reﬂections in superspace. See text for explanations.
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The immediate problem we are facing when dealing with the description of a structure in
higher dimensional space concerns its representation. We know perfectly well how to
reconstruct a three-dimensional object out of a series of two-dimensional sections.Moreover
we can minimize the number of sections provided an optimal selection of planes. For
example, a single 2D section is sufﬁcient to represent any close-packed 3D structure. We
shall do the same for the representation of a structure in superspace. We shall describe and
analyse it in terms of a series of two-dimensional sections. Figure 4 illustrates the
representation of a modulated structure with a transverse displacement wave. On the left a
structure is represented by a two-dimensional array of points subject to a transverse
modulation along a2 with a wavelength, l, which is not generally commensurate with the
periodicity of a2. The structure is periodic along a1, however. The (aS2, aS4) section is
represented on the right. According to the deﬁnitions given in equation 4, the basis vector in
superspace aS2 consists of the two components a2 andq·a2. The component aS4 is normal to
a2 according to the same deﬁnitions. In our representation, a string, a sinusoidal wave in the
present example, which is periodically repeating, represents each atom. The 2D unit cell is
illustrated in grey in the ﬁgure. The structure of the real crystal can be seen on the right ﬁgure
from the intersection of the periodic array of sinusoidal waves along a2. The series of
intersecting points are not periodic and the departure of x2 from the average x¯2 varies along
a2. We have thus veriﬁed that the real crystal is identical to the transverse modulation
represented on the left. The (aS1, aS4) section is not represented but its construction is
straightforward: a straight line located at x¯i would replace the sinusoidal wave and its
intersection would be periodic.
Since the discovery of modulated crystals, many different types of periodic modulation
functions have been introduced to improve their descriptions. Modulated structures rarely
exhibit a purely sinusoidal wave. In most cases, the periodic perturbation can be better
approximated by a series of harmonic terms if the resolution of the data permits it. Other
perturbation functions have been proposed, e.g. step functions or saw tooth functions as
illustrated in Fig. 5 (left). In the case of defects for example, the perturbation function might
only exist in a limited interval of the variable x4 deﬁned in Fig. 4. In addition to
Fig. 4. Representation of a simple displacive modulation in superspace. (Left) A periodic array of points
along a1 is subject to a transversal modulation along a2 with wavelength, l, independent of a1 and a2.
(Right) Representation of the displacive modulation in a section of superspace.
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‘displacement’ modulations, cases of ‘density’ modulations might also exist. Such an
example is illustrated in Fig. 5 (right). This example illustrates the case of layer structures
where alternating sequences of compact layers in the A, B or C positions might occur. These
are just a few examples and the interested reader might consult the textbooks by Janssen et al.
(2007) and van Smaalen (2007) for others.
At the end of this section, it is appropriate to redeﬁne the concept of crystals. A
material is a crystal if it has essentially a sharp diffraction pattern. By recombining
equations 1 and 2 and rewriting H in the form:
H = h1a1
* + h2a2
* h3a3
* + _ + hnan
* (5)
where n is the ‘rank’, i.e. the minimal number of integer indices required to fully
characterize any diffraction pattern in a space of d dimensions. If n = d, relation 5
describes a ‘periodic’ crystal. Otherwise, if n > d, the same relation describes an
‘aperiodic’ crystal. Note that the new deﬁnition of a crystal is done in reciprocal space
and not in direct space as it used to be. Until now, any attempt to deﬁne a crystal in
direct space failed. In other words, we need to explore the diffraction pattern of a crystal
before we can assign it to one or the other category.
A crystal is ‘incommensurately’ modulated if at least one of the coefﬁcients in
equation 2 is irrational. Otherwise, the crystal is ‘commensurately’ modulated, which,
in classical crystallography, is also called a superstructure.
3. Symmetry in superspace
The development of superspace could not have been successful without a complete
development of a symmetry theory. Credit to P.M. de Wolff for having considered for
the ﬁrst time, in 1974, the description of a structure exhibiting satellite reﬂections in a
space of higher dimension with the example of g-Na2CO3. The theory of superspace
symmetry is now well established and included in the International Tables for X-ray
Crystallography, vol. C (Janssen et al., 1992). The theory is an extension of the
classical space group symmetry which is used to describe conventional structures in
three dimensions. A space group symmetry operation is a transformation of space
Fig. 5. Possible displacive and density modulation functions encountered in practical cases: (left) a
sawtooth function; (right) a density modulation function representing different types of layers in the A, B
or C positions.
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leaving the density function unchanged:
r(r) = r(Rr + v) (6)
This transformation consists of a rotational part in form of the matrix R acting on a
point r followed by a translation v. In superspace, the corresponding expression is very
similar. Here the subscript S refers to the superspace:
rS(r) = r(RSrS + vS) (7)
The matrix RS deﬁned in equation 7 is subject to some additional conditions, i.e. it
should be 3+1 reducible in (3+1)D superspace:
RS ¼ R 0RM RI
 
where RM ¼ qR RIq ð8Þ
In general, the modulation vector q (equation 2) can be decomposed into a ‘rational’
and ‘irrational’ part, q = qr + qi. For example, the rational part of q = (a0) is . It can
be shown that for all symmetry operation in superspace, the following condition holds
qiR  RIqi = 0 (9)
With the two-component formulation, the ‘external’ and ‘internal’ space dimensions
are separated and we obtain the following relation by omitting the indices for the
external variables:
rS(r, rI) = rS(Rr + v, RIrI + vI) (10)
In this expression, it is assumed that the selection of the pair of operators R and RI
uniquely deﬁned the RM term. We can gain some further simpliﬁcations by limiting
ourselves to superspace transformations in (3+1)D. In this case, the internal dimension
is 1 and RI = e =  1. By deﬁnition
rI = t = x4  q·r (11)
(as illustrated in Fig. 4) and it can be shown that vI = t  qi·v. By substituting relation
11, the superspace transformation in (3+1)D becomes
rS(r, t) = rS(Rr + v, et + t  qI·v) (12)
From this expression, we can conclude that any superspace transformation consists
of two parts, the external part which is similar to one of the 230 space groups in 3D in
addition to an internal part. In (3+1)D, the value of e can be deduced easily from the
transformation of modulation vector q and thus only t needs to be speciﬁed. With this in
mind, we can generalize the 3D space group symbols by adding the internal components
in order to create the corresponding superspace symbol.
As an example, let us consider a (3+1)D superspace group taken from the reference of
the International Tables for X-ray Crystallography, vol. C (Janssen et al., 1992). The
symbol of the superspace group (SSG) 48.2 is Pnnn(00g)s00. We immediately
recognize the ﬁrst (external) part of the 3D orthorhombic space group Pnnn. The second
part between parentheses gives the components of the modulation vector q (equation 2).
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Obviously, this vector is parallel to the c axis. The last part characterizes the internal
space components of the three symmetry operations listed after the letter P. The symbol
s indicates that the internal component t of the ﬁrst glide plane n (normal to a) is  resp.
0 for the second glide plane normal to b. The third n glide refers to the irrational part of
the modulation vector. The value of t depends on the selection of the origin of the
internal space, which can be freely selected. Thus, the last digit of the symbol (0)
indicates that the origin was selected on the inversion center at ().
Similar to 3D, where the glide components generate systematic absences in the
diffraction patterns, this is also the case in superspace for both the external and internal
translation components. The International Tables for X-ray Crystallography, vol. C
(Janssen et al., 1992), lists the following systematic absences for this superspace group:
0klm: k+l+m = 2n h0lm: h+l = 2n hk00: h+k = 2n
In most cases, the systematic absences of modulated crystals reduce the number of
possible superspace groups to a unique case or generally to a very small number of
alternatives.
The number of four-dimensional space groups is 4894 whereas the number of (3+1)D
superspace groups is 775. Apparently (3+1)D are four-dimensional space groups with
additional restrictions associated with the different properties of the external and internal
space dimensions. For example, in 4D, one might consider permutations between the four
space dimensions similar to the permutations of the three dimensions in the cubic space
groups. This is not possible in superspace where the internal and external dimensions
cannot be permuted, therefore the systematic use of the (3+1)D notation.
For simplicity, we have limited our considerations to (3+1)D superspace examples.
Needless to say higher-dimensional superspace groups up to (3+3)D have not only been
tabulated in the literature (e.g. Stokes et al., 2011) but they have also been applied to examples
of crystalline structures. In the next section, we shall deal with the measurement and solution
of modulated structures in superspace.
4. Measurements and resolution of modulated structures from diffraction
data
Similar to treatment of symmetry in superspace, which is an extension of the symmetry
in 3D, the derivation of the electron density relation r(r) in superspace is also based on
an extension of the density in 3D. Independently of the rank (equation 5) of H, the
electron density satisﬁes the following relation:
r(r) = 1/vSHFH exp(2piH·r) (13)
The only difference with the 3D expression is thatH and r have n components, where
n is the rank of H.
The structure factor of a structure described in (3+1)D superspace is given by the
following expression:
FH = Sm fH
m
exp(2piH·rm)6$
0
1
dt pm(t)exp[exp(2piH·rm)] (14)
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which essentially consists of two parts. The ﬁrst part is very similar to the classical
treatment of the structure factor with a summation over the m atoms in the unit cell
deﬁned in superspace. The second part deals with the internal space dimension. The
integration is performed over the internal variable, t, deﬁned in equation 11; pm is a
population parameter, which might also express a density modulation function and the
vector um gives the displacement of the m atom from the average position along the
internal coordinate t as illustrated in Fig. 4. In practical cases, this integration is
replaced by a numerical approximation and the shape of the displacement curve is
obtained during the structure solution and reﬁnement process.
The current generation of automatic diffractometers is, in most cases, able to collect
a complete set of intensities with up to six indices. This has been greatly facilitated by
the diffusion of area detectors like CCD or pixel detectors. The existence of satellite
reﬂections can be detected easily a posteriori from the reconstruction of diffraction
layers thus allowing the identiﬁcation of the modulation vector(s) and consequently the
indexing of the intensities once the full data collection is performed.
Once the intensities are collected and corrected for the usual factors, the next step in
the structural analysis is to solve the structure. We shall describe two methods which
allow us to obtain good model structures. The ﬁrst method can be considered as a trial
and error method and consists of two steps. The ﬁrst is to solve the so-called average
structure, which is obtained by ignoring the satellite reﬂections. The symmetry of this
structure belongs to one of the classical 230 space groups and therefore the classical
methods (Patterson, direct, etc.) can be applied to derive the ﬁrst structural
approximation. The second part assumes that the superspace group symmetry is
known from the systematic absences and uses the least-squares reﬁnement to complete
the structure by ﬁnding the modulation functions of each single atom by trial and error.
In order to ﬁnd the optimal solution, various modulation functions can be applied until
the most plausible model satisfying the structural and chemical characteristics is found.
The ﬁnal step of the structure solution is obtained following the full convergence of the
optimization process.
One should also mention here that the Patterson and direct methods have also been
applied in higher dimensions in the early days of developments. Currently, they are
used infrequently and will not be further described in this context.
The second and perhaps more elegant method is based on the charge ﬂipping (CF)
algorithmproposed byOszla´nyi and Su¨to´ (2004, 2005). The great advantage of thismethod is
that the structure can be solved directly in superspace without the intermediary step in 3D as
in the previous method. The following scheme (equation 15) illustrates the CF algorithm
which is an iterative process consisting of four steps. The algorithm starts from the square
root of the intensity measurements on an arbitrary scale representing the moduli of the
structure factors. Initially the phases of the structure factors are missing and consequently
replaced by arbitrary or zero phases. The ﬁrst step uses the inverse Fourier transform of the
structure factors to obtain an arbitrary density function in superspace. Of course, this density
should be either positive or zero everywhere. The second step (the inversion step) replaces
every density point, which is smaller than a small positive value, d, by its inverse value in
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order to obtain the density gr. In the third step, this density is Fourier transformed in order to
obtain a new set of structure factors, GH. The last step of the algorithm is to substitute the
modulus of GH by the experimental moduli. This process is repeated iteratively until the
structure is solved.
(15)
In most cases, the convergence is obtained after some hundred iterations or a small
multiple of it. The only free parameter is the magnitude, d. This parameter is linked to
the standard deviation of the measurements and can easily be obtained a priori.
Another advantage of this method is that the superspace group symmetry of the
structure is not required. Therefore, it can be deduced a posteriori and checked by the
ﬁnal least-squares reﬁnement of the structure.
Before closing this section, we shall describe the results of a structural reﬁnement in
superspace with the example of an oxygen-deﬁcient synthetic compound with
composition LiZnNb4O11.5 (Morozov et al., 2010). This structure is a superstructure
of a-PbO2. However, it is more convenient to treat it as a commensurately modulated
structure with lattice parameters a = 4.72 A˚, b = 5.73, c = 5.03 A˚, g = 90.05º, modulation
vector q = 0.3a* + 1.1b* and superspace group P1121/n(ab0)00. The treatment in
superspace has many advantages, one of which is to allow for a uniﬁed description and
treatment of all members of the family of compounds Li2O-ZnO-Nb2O5, including
commensurate (LiNb3O8, ZnNb2O6, ZnTa2O6) and incommensurate (e.g., ZnTa2O6)
members with the same superspace symmetry. Another important advantage concerns
the solution and reﬁnement of this complex structure, which is greatly facilitated in
superspace and reduces the number of reﬁned parameters.
The model of the resulting structure determination is illustrated in Fig. 6. The unit
cell in the solid line corresponds to the a-PbO2 cell whereas the dotted line represents
the 10-fold supercell. Four different types of metal-oxygen octahedra can be
distinguished each containing in its centre either a single atom (dark blue: ZnO6 or
red: NbO6) or a combination of them (yellow: various combinations of Li and Nb or
light blue: ˆ¯ Zn and ˜¯ Nb). The different types of octahedra form layers normal to the
modulation vector q and the structure can be considered as a density modulation
resulting from the distribution of cations, which tend to be ordered.
The structure was solved from powder diffraction data collected on a synchrotron
beamline with the Jana 2006 software (Petrˇı´cˇek et al., 2006). Figure 7 illustrates
various sections of the electron density of the positional modulations of Li, Zn and Nb
along the internal coordinate x4. The colour code of the positional modulation is
identical to that used for metal octahedra represented in Fig. 6. The size of the domains
of existence corresponding to each type of atoms was constrained to the chemical
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composition known beforehand during the reﬁnement. The largest ﬁnal residual
electron density values were 0.170.23 e/A˚3 thus illustrating the high quality of the
reﬁnement process in superspace even for powder diffraction data.
5. A reinterpretation of the law of rational indices and occurrences of
aperiodic structures
Coming back to thework ofGPP (1931), canwe accept the conclusion that the law of rational
indices is not of general validity? It would be disappointing that a law, which has been well
accepted and conﬁrmed many times over a period of 150 years, is only of limited value. The
very elegant solution proposed by Janner andDam (1989), which deﬁnitely solved the puzzle
Fig. 6. Polyhedral view of LiZnNb4O11.5 (Morozov et al., 2010). Dark blue: ZnO6; red: NbO6; yellow:
various concentrations of LiO6 and NbO6; light blue: ˆ¯ZnO6 and ˜¯NbO6 polyhdra. The small cell (solid
line) corresponds to the a-PbO2 cell whereas the large cell (dashed line) illustrates the supercell.
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Fig. 7. Superspace representation of various electron density sections indicating the positional
modulations of Li, Zn and Nb in LiZnNb4O11.5. The central coloured lines correspond to the calculated
atomic positions with the same colour code as in Fig. 6.
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of the calaverite mineral, shows that it is possible to accept the law of rational indices
provided that we extend the number of indices characterizing each face (Fig. 2) of a crystal to
its rank as deﬁned in equation 5. This approach avoids not only the use of irrational indices
but also the need to postulate the existence of a few interpenetrating structures belonging to
different crystal classes in order to fully describe a crystalline sample. The example of
calaverite is not an exception and many examples of crystal forms of modulated structures
and quasicrystals have been foundwhich require more than three indices to characterize their
faces. For example, one of the phases of the metalorganic structure of [(CH4)3N]2ZnCl4
(Dam and Janner, 1986) which is incommensurately modulated exhibits faces which can
only be indexed with four indices. We shall describe below the occurrence of the ﬁrst
naturally occurring quasicrystal, the mineral icosahedrite (Bindi et al., 2011), the faces of
which can only be indexed with six indices. The interested reader can ﬁnd more examples in
the textbook of Janssen et al. (2007).
Note that the latest developments in diffraction methods with synchrotron and highly
sensitive area detectors do not favour the discovery of new aperiodic crystalline forms.
Firstly, the size of the samples, which tend to reach micron scales, and the use of
automatic procedures to measure samples tend to ignore the morphological aspects of
crystalline forms. On the other hand, the generalization of area detectors has been an
important factor for the discovery of new aperiodic structures based on single-crystal
diffraction patterns. The observation and identiﬁcation of satellite reﬂections is greatly
facilitated by its use instead of point detectors and it is probably due to their diffusion
that the ﬁeld of aperiodic structures has recently gained some importance. The
identiﬁcation of aperiodic structures by powder diffraction is more difﬁcult. The
detection of weak satellite reﬂections is often overseen and consequently the resulting
structure reﬁnement yields models which are often and wrongly interpreted as
‘disordered’. As an example, a recent study on a series of scheelite-like structures
(Arakcheeva and Chapuis, 2008) has revealed that some powder diagrams published in
the ICDD database were indeed incommensurately modulated structures and the
modulation vectors could be derived directly from the inclusion of a few neglected
peaks and a reinterpretation of the powder diagrams. These examples are by no means
unique and a more careful analysis of diffraction patterns of structures with complex
stoichiometry would certainly reveal many more cases.
Aperiodic structures exist in all types of crystalline materials, from organic to inorganic
compounds, in minerals, in metals and alloys and even in macromolecules. They also appear
in compounds subject to temperature and pressure changes. In the next sections, we shall
present some speciﬁc studies of aperiodic structures occurring in nature.
6. Naturally occurring aperiodic structures
In nature, minerals with strong and sharp satellites related to an aperiodic structure which
can be used for a structural reﬁnement with superspace formalism are rarely found.
Nevertheless, there are several minerals with incommensurate satellites visible with
electron diffraction. Indeed, incommensurately modulated structures can be found by
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TEM techniques in several rock-forming minerals including: clinopyroxenes (kosmo-
chlordiopside join; Sakamoto et al., 2003), quartz (e.g. Heaney and Veblen, 1991),
feldspars (e.g. Yamamoto et al., 1984; Steurer and Jagodzinski, 1988; Kalning et al.,
1997; Sanchez-Munoz et al., 1998), melilite (Bindi et al., 2001a and references therein),
fresnoite (Bindi et al., 2006d), cancrinite–sodalite join (e.g. Hassan and Buseck, 1989,
1992; Xu and Veblen, 1995; Hassan, 2000; Hassan et al., 2004; Bolotina, 2006; Bolotina
et al., 2006), nepheline (Withers et al., 1998; Angel et al., 2008; Friese et al., 2011),
lazurite (Rastsvetaeva et al., 2002; Bolotina et al., 2003a,b, 2004), trydimite (e.g. Pryde
and Dove, 1998), and mullite (Angel et al., 1991). Incommensurate modulations can also
be found among sulﬁdes, tellurides, and sulfosalts including bornite (Buseck and Cowley,
1983), pyrrhotite (Li and Franzen, 1996), calaverite (e.g. Caracas and Gonze, 2001),
sylvanite (Krutzen and Inglesﬁeld, 1990), rickardite (Schutte and de Boer, 1993),
muthmannite (Bindi, 2008), proustite (Subramanian et al., 2000), cylindrite–franckeite
series (Evain et al., 2006c; Makovicky et al., 2008, 2011) and sartorite (Pring et al., 1993).
However, only a few incommensurate structures of minerals have been reﬁned by means
of the multidimensional approach namely: labradorite (Yamamoto et al., 1984), andesine
(Steurer and Jagodzinski, 1988), melilite (Bindi et al., 2001a), lazurite (Bolotina et al.,
2004 and references therein), fresnoite (Bindi et al., 2006d), levyclaudite (Evain et al.,
2006c), calaverite (Bindi et al., 2009a), natrite (Arakcheeva et al., 2010), franckeite
(Makovicky et al., 2011), nepheline (Friese et al., 2011) and wagnerite-group minerals
(Lazic et al., 2014).
In the next part of this chapter, attention is focused on the description of outstanding
examples of well characterized aperiodic mineral crystal structures. Among the
incommensurately modulated structures we describe in detail the (3+1)D-modulated
structure of calaverite and natrite and the (3+2)D-modulated structure of melilite and
fresnoite; for the composite or intergrowth crystal structures, we analyse the minerals
belonging to the pearceitepolybasite group and those of the cylindrite group, and,
ﬁnally, for quasicrystals, we report brieﬂy the story of the discovery of icosahedrite, the
ﬁrst naturally occurring quasicrystal.
7. Naturally occurring incommensurately modulated structures
7.1. (3+1)D incommensurately modulated structure: the cases of calaverite
and natrite
Calaverite, AuTe2, and natrite, Na2CO3, are probably the two most important minerals
in the history of aperiodic structures. Calaverite, ﬁrst identiﬁed by Ghent (1861), has
already been mentioned in the introduction because of the difﬁculties mineralogists
encountered in indexing crystalline specimens from different locations. It was later
found that the diffraction pattern of calaverite exhibited satellite reﬂections, which
pointed to the presence of an incommensurately modulated structure (Chapuis, 2003,
and references therein).
On the basis of a transmission electron microscopy study, Van Tendeloo et al. (1983)
discovered that the satellite reﬂections in calaverite were due to an incommensurately
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displacive modulation superimposed on the average C2/m structure. Using the
information gained from the TEM study, Dam et al. (1985) were able to clarify the
morphology of calaverite by indexing the crystal faces with four indices, the extra index
applying to q = 0.4095a* + 0.4492c*. Finally, Schutte and de Boer (1988) solved the
incommensurately modulated structure of calaverite in the superspace group
C2/m(a0g)0s. These authors showed that the modulation consists mainly of
displacements of Te atoms and the observed modulations were interpreted in terms of
valence ﬂuctuations between Au+ and Au3+. Later, Balzuweit et al. (1993) studied the
variation of the modulation wave vector in synthetic calaverite as a function of
temperature and silver content (up to 3.0 at.% of Ag) using X-ray diffraction and
morphological techniques. More recently, Bindi et al. (2009a) studied various natural
calaverite samples from different locations with chemical compositions Au1xAgxTe2,
with 04 x4 0.33, extending the study of Schutte and de Boer (1988), and shedding new
light on the origin of the structural modulations observed in this family of compounds. By
means of higher dimensional structure reﬁnements, Bindi et al. (2009a) showed that Ag
atoms present two types of distribution on the Au sites, either randomly distributed or
ordered. The original study of Schutte and de Boer (1988) was concerned with an ordered
distribution of Ag, which induces very strong valence ﬂuctuations of Au in the structure.
Bindi et al. (2009a) demonstrated another aspect of the Au1xAgxTe2 compounds,
speciﬁcally those with random distributions of Ag on the Au position. By combining the
results of both studies, these authors contended that the valence ﬂuctuation of Au
produces the structure modulation in AuTe2 (Fig. 8). Moreover, the ordered distribution
of silver found by Bindi et al. (2009a) reinforces the valence ﬂuctuation of Au.
Conversely, a random distribution of Ag suppresses the valence ﬂuctuation of Au and,
therefore, their structural modulations. Apparently, natural samples can be found with
the same composition but with both types of Ag ordering, which is not surprising
considering the various growth conditions of the minerals.
Another interesting aspect of the Au1xAgxTe2 series pointed out by Bindi et al.
(2009a) is related to the (3+1)D superspace embedding of the calaverite structure type.
These authors have shown that the same superspace model, independently of their 3D
structures and periodicities, can describe all the samples with the same general formula.
This formalism opens new perspectives, not only for a uniform description of this
family of minerals, but also for other synthetic compounds related to the calaverite
structure.
We mentioned earlier that the structure determination of Na2CO3 (Brouns et al.,
1964; van Aalst et al., 1976) was essential in the development of the superspace
approach. The structure of synthetic g-Na2CO3 was later reﬁned with greater accuracy
using single-crystal XRD data (Dusˇek et al., 2003).
The ﬁrst observation of satellite reﬂections pointing to an incommensurately
modulated structure in natural natrite was by Zubkova et al. (2002) during a single-
crystal investigation of a crystal from Khibiny, Russia. However, the satellites were not
measured and the authors reﬁned only the average structure of this mineral sample.
More recently, the incommensurate modulated structure of natural natrite, originating
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Fig. 8. Variation of the (Au,Ag)–Te distances (left column) and the bond valence sums on (Au,Ag) (right
column) as functions of t in Ag-bearing calaverites (Bindi et al., 2009a). Solid lines correspond to data
from Bindi et al. (2009a); dashed graphs have been reconstructed using data published by Schutte and de
Boer (1988). The grey ﬁelds indicate regions with CN= 2 + 2. Figure reproduced fromBindi et al. (2009a)
with the permission of the Mineralogical Society of America.
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from the Lovozero alkaline massif (Mt. Karnasurt) and the Khibiny alkaline massif
(Mt. Koashva), was studied in detail by Arakcheeva et al. (2010) using the superspace
approach. The average structure of natrite can be mainly described as graphite-like
layers formed by Na3 and CO3 ions, stacked along the c axis (Fig. 9). Additional Na1,2
octahedral-ions are located in the pseudo-hexagonal channels (van Aalst et al., 1976;
Zubkova et al., 2002; Dusˇek et al., 2003). The face-sharing Na1,2 octahedra form
columns which are connected by CO3 triangles along [010] and [100]. The modulation
vector can be written as q = 0.182(1)a* + 0.322(1)c* and the superspace group is
C2/m(a0g)0s (Arakcheeva et al., 2010).
The modulation in natrite is mainly associated with the Na crystal-chemical
environment and with its role in participating in the second coordination sphere of the
carbon atoms. As can be deduced from Fig. 10, the coordination number (CN) of Na1,2
can be better described as 4+2, where 4 distances are shorter than 2.3 A˚, and 2 distances
are ~2.4 A˚. The Na3 site has been reported as a 7+2-fold coordinated with 7 NaO
distances in the range 2.584(1)  2.669(1) A˚ and two elongated NaO distances at
2.942(1) A˚ (Zubkova et al., 2002). It is evident from the modulation of the Na3O
distances (Fig. 10) that eight oxygen atoms are always close to Na3 (in the range
2.352.9 A˚) without any preference for CN = 7. Therefore, the coordination number of
Na3 is equal to 8.
One ﬁnal interesting remark concerns the CO3 group and its usual planarity in the
crystal structures. This group seemed to be a completely rigid unit in the average
structure of natrite reﬁned by Zubkova et al. (2002). Arakcheeva et al. (2010), however,
showed that the CO distances and the CO2O1O1 torsion angle (describing the
deviation from planarity of the CO3 entity) are slightly modulated along t, the
additional coordinate in superspace. The reasons for such a modulation were described
in detail by Arakcheeva and Chapuis (2005) for synthetic Na2CO3. A small deviation
Fig. 9. Structure of the hexagonal modiﬁcation of natrite, Na2CO3. The orientation of the structure is
outlined.
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(12º) of the CO2O1O1 torsion angle from 0º should also be mentioned, thus
indicating positional displacements of O atoms, resulting in the small distortions of the
CO3 group.
7.2. (3+2)D incommensurately modulated structure: the cases of melilite and
fresnoite
Minerals of the melilite group exhibit a general chemical formula X2T1[(T2)2O7],
where the cations X occupy square antiprisms and consist mainly of Ca with minor
amounts of Na and other elements (i.e. mainly Ba and Sr). T1 and T2 tetrahedra differ
from each other by their size: the larger T1 generally hosts Mg and other medium-size
Fig. 10. Modulations of the interatomic distances along the t axis in the structure of natrite from Khibiny
(at both RT and 120 K) and Lovozero, compared with the behaviour observed for synthetic Na2CO3
(Arakcheeva and Chapuis, 2005  last column). In the C-Na vs. t plots, the grey areas mark the regions
with 7 Na atoms in the 3.1 A˚ vicinity of each C (reproduced from Arakcheeva et al. (2010) with the
permission of the Mineralogical Society of America).
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tetrahedral cations such as Fe2+, Mn2+, Fe3+, and Al; the smaller T2 tetrahedron is
generally occupied by Si to form the (T2)2O7 groups that typically occur in
sorosilicates. The structure with space group P4¯21m consists of a two-dimensional
linkage of corner sharing T1 and T2 tetrahedra, forming irregular pentagonal rings
(Fig. 11). Some synthetic melilite-type compounds with X occupied by calcium and T2
by silicon, with T1 = Mg, Zn, Co, or Fe2+, exhibit an incommensurately modulated
phase at room temperature (Hemingway et al., 1986; Seifert et al., 1987; Armbruster et
al., 1990; Hagiya et al., 1993).
The incommensurate modulation in melilite is two-dimensional, with two modulation
vectors: q1 = a(a1* + a2*) and q2 = a(a1* + a2*), where a1* and a2* are the tetragonal reciprocal
axes of the basic unit cell and a = 0.2815(3). As a consequence, all the reﬂections can be
indexed by ﬁve integers, hklmn, corresponding to the ﬁve-dimensional basis (equation 5)H =
ha* + kb* + lc* + mq1 + nq2, where a*, b* and c* are the reciprocal axes of the basic
structure. The direction of the modulation vectors is along 110 and 1¯10 and the coefﬁcient a
is approximately 2/7 of the corresponding d value (Fig. 12).
A similar incommensurate modulation was reported for fresnoite-type compounds
(Markgraf and Bhalla, 1989; Markgraf et al., 1990; Ho¨che et al., 1999). The mineral
fresnoite, Ba2TiSi2O8, is structurally related to the melilite-group minerals. The parent
structure, space group P4bm, consists of a two-dimensional array of corner-sharing
TiO5 pyramids and Si2O7 groups. In the stacking of successive layers along [001], the
ten-fold coordinated Ba cations are located about halfway between adjacent sheets
(Fig. 13). Withers et al. (2002) investigated the incommensurate structure of a synthetic
fresnoite by means of electron microscopy and pointed out that the primary modulation
wave-vector has a c* commensurate component in addition to an incommensurate
component which runs along the basis diagonal of the parent structure with modulation
vectors q1 = a(a1* + a2*) and q2 = a(a1* + a2*) with a = 0.3023(3), very similar to the
distribution of satellites observed for melilites (Fig. 12) except for the commensurate
component at c*.
Prior to the studies by Bindi et al. (2001a,b, 2006d), the presence of additional
satellite reﬂections due to the incommensurate structure had never been observed in
natural melilites or fresnoite. By means of the superspace approach, these authors
carried out (3+2)-dimensional reﬁnements of the incommensurately modulated
structure of both the minerals.
For naturalmelilite, Bindi et al. (2001a) showed that themost important structural variations
as a function of the internal components t and s of the (3+2) superspace are observed for the
X-polyhedra with some distances reaching values greater than 3 A˚. Thus, some oxygen atoms
are no longer coordinated locally by Ca. Due to this feature, six-, seven- and eight-fold
coordinations of the X cation occur in different parts of the structure. A similar characteristic
was observed by Bindi et al. (2006d) for natural fresnoite. As a consequence of the Ba and O
positional modulation, eight-, nine-, and ten-fold Ba-coordinations occur throughout the
structure. Interestingly, the change of coordination around the Ca (in melilite) and Ba (in
fresnoite) atoms induces a deformation of the pentagonal rings, as seen from a projection of the
two structures along [001] (Figs 11 and 13). The deformed pentagonal rings correspond to Ca
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Fig. 11. The crystal structure of melilite projected down [001] (upper) and down [010] (lower). Light and
dark grey tetrahedra refer to T1 and T2, respectively. White circles indicate the X cations.
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(in melilite) and Ba (in fresnoite) atoms with increasing coordinations forming octagonal
clusters (Fig. 14) closely resembling the conﬁguration postulated by van Heurck et al. (1992),
on the basis of transmission electron microscopy, for the synthetic Ca2ZnGe2O7 melilite-type
compound.
8. Naturally occurring composite modulated structures
8.1. The minerals of the pearceitepolybasite group
The members of the pearceite–polybasite group of minerals exhibit the general formula
[(Ag,Cu)6M2S7][Ag9CuS4], with M = As (pearceite) or Sb (polybasite), and their
structures have been characterized recently (Bindi et al., 2006a,b, 2006c; Evain et al.,
2006a,b). On the whole, they can be described (Fig. 15) as a regular succession of two
module layers stacked along the c axis: a ﬁrst module layer A with composition
[(Ag,Cu)6M2S7]
2-, and a module layer B with composition [Ag9CuS4]
2+. In the
structure,M atoms form isolatedMS3 pyramids typically occurring in sulfosalts, copper
links two sulfur atoms in a linear coordination, and silver occupies sites with
coordination ranging from quasi-linear to almost tetrahedral (Bindi et al., 2006a). In
Fig. 12. Schematic viewof the diffraction pattern inmelilite.Main and satellite reﬂections (indexed on the
basis of ﬁve indices) are represented with large and small black circles. The modulation q vectors are
indicated.
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the B layer the silver cations are found in various sites corresponding to the most
pronounced probability density function locations of diffusion-like paths (Fig. 16,
Bindi et al., 2006a).
The complex crystal-chemical features observed in these minerals were initially
studied by Frondel (1963) who considered that this group of minerals could be divided
into two series based on their unit-cell dimensions: (1) pearceiteantimonpearceite,
characterized by a relatively high Cu content and a ‘‘small’’ unit cell (a& 7.47.5, c &
11.9 A˚) initially labelled ‘111’ but more recently referred to using the more explicit
polytype sufﬁx ‘Tac’ (Bindi et al., 2007b), consistent with the notation of Guiner et al.
(1984); and (2) polybasite-arsenpolybasite, characterized by a lower Cu content and
doubled unit-cell parameters, initially labelled ‘222’ but, more recently ‘M2a2b2c’
(Bindi et al., 2007b). Moreover, an additional unit cell of intermediate dimensions,
initially labelled ‘221’ or ‘T2ac’ (Bindi et al., 2007b), was discovered independently by
Harris et al. (1965), Hall (1967), Edenharter et al. (1971) andMincˇevaStefanova et al.
(1979).
By means of LT and HT single-crystal X-ray diffraction, differential scanning
calorimetry, and complex impedance spectroscopy, Bindi et al. (2006a) showed that all
members of the pearceitepolybasite group present the same P3¯m1 high-temperature
structure and are observed at room temperature either in their high-temperature (HT)
fast-ion conductivity form or in one of the low-temperature (LT) fully ordered
Fig. 13. The crystal structure of fresnoite
projected down [001] (upper) and down [010]
(lower). Interconnection of TiO5 pyramids
(light grey) and Si2O7 groups (dark grey); white
circles represent Ba atoms.
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(M2a2b2c unit-cell type), partially ordered (T2ac unit-cell type) or still disordered (Tac
unit-cell type) forms, with transition temperatures slightly above or below room
temperature. Below the transition temperature, the silver ions freeze in preferred
structural sites. However, the ordering is not necessarily a long-range order. In
cupropearceite and cupropolybasite (Bindi et al., 2007a), for example, the Tac unit-cell
type and P3¯m1 space group are preserved down to 100 K (Bindi et al., 2006a). This
peculiarity is to be related to the disorder which occurs at all temperatures within the
[(Cu,Ag)6(As,Sb)2S7]
2– A module.
Recent TEM studies (Withers et al., 2008; Bindi et al., 2013) showed that these
minerals exhibit a composite modulated structure, not visible either with conventional
or with synchrotron X-ray diffraction. Such a composite modulated structure forms
between two inherently incommensurate substructures: the ﬁrst being an average
primitive hexagonal, [Ag9]
9+, 2D Ag+ ion sub-structure (consisting of the Ag+ ion
diffusion paths within the B modules – Fig. 16) and the second a
[(Ag,Cu)6(As,Sb)2S7]
2[CuS4]
7 framework sub-structure (formed by the
[S(Cu,Ag)6] octahedra, the (As,Sb)S3 trigonal pyramids, and the [S-Cu-S] dumbbells,
Fig. 17).
The composite modulation is evident with the appearance of relatively strong and well
deﬁned satellite reﬂections in addition to themain reﬂections forming a hexagonal reciprocal
lattice (Fig. 18). At ﬁrst glance, the observed satellites seems to suggest a 2D displacive
modulation of the framework structure with incommensuratemodulationwave vectors of the
Fig. 14. Structural variations observed for the different polyhedra in melilite (left) and fresnoite (right) as
a function of the fourth coordinate of the superspace (t) with the ﬁfth coordinate (s) kept ﬁxed at 0.00.
Triangles, squares and circles indicate Si-tetrahedra,Mg-tetrahedra (left) or Ti-pyramids (right) and Ca or
Ba cations, respectively. The displacements for a given value of t (or s) deﬁne a conﬁguration that occurs
somewhere in the real space. The conﬁgurations with close values of t (or s) are not necessarily
neighbouring in the real space. The deformed pentagonal rings hosting the large cations (Ca inmelilite and
Ba in fresnoite) form octagonal arrangements indicated with solid lines (see text for explanation).
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satellite reﬂections q1 = a(aF
* + bF
*) and q2 = a(aF
*  bF*), where a & 0.39(1) and the
subscript F indicates the framework structure. However, as outlined in detail byWithers et al.
(2008) and Bindi et al. (2013), the apparent incommensurate modulation vectors can be
interpreted more reasonably as ‘‘fundamental reciprocal lattice basis vectors of an average
primitive hexagonal Ag ion substructure’’, with the basis vectors aAg
* = a(aF
*  2bF*) and
bAg
* = a(2aF
* - bF
*) with a & 1.39. This interpretation is mainly due to the observed strong
intensity asymmetry of the satellite reﬂections (see arrows in Fig. 19) surrounding individual
parent Bragg reﬂections, with the satellites at the high-angle side showing much higher
intensity than those of the low-angle side, which are scarcely discernible. Several authors
(Carter and Withers, 2004; Nore´n et al., 2005) have provided conclusive proof of the
incompatibility of this observation with a conventional incommensurate modulation and
suggested, instead, a composite modulated structure.
Bindi et al. (2013) have studied by means of transmission electron microscopy the
low- (90 K) and ultra-low- (4.2 K) temperature behaviour of the Cu-rich members of the
pearceitepolybasite group, i.e. cupropearceite and cupropolybasite. They found a
similar behaviour to that observed for Cu-poor pearceite and polybasite (Tacmembers)
at room temperature (Withers et al., 2008), but a new structural feature appeared at
ultra-low temperature (Fig. 20). Estimates of the relevant wave vectors q1 = a(aF
* + bF
*)
and q2 = a(aF
*  bF*) of the incommensurate modulation, indeed, gave approximate a
Fig. 15. Projection of the 111-structure (Tac polytype) of pearceite along the hexagonal a axis,
emphasizing the succession of the [(Ag,Cu)6M2S7]
2– A and [Ag9CuS4]
2+ B module layers.
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values of 0.39 at room temperature, 0.40 at T = 90 K, and 0.50 at T = 4.2 K. The
remarkable displacement noticed in the positions of the satellite reﬂections with
decreasing temperature means that the modulation at 4.2 K approaches the wave vector
a = 0.50, which would correspond to a commensurate superstructure. Such behaviour is
known from other compounds as, for example, certain melilite-type compounds where
a transformation from the incommensurate high-temperature phase into a low-
temperature commensurate lock-in phase has been observed (Riester et al., 2000;
Hagiya et al., 2001; Schaper et al., 2001; Bagautdinov et al., 2002; Jia et al., 2006).
8.2. The cylindrite-type minerals
Cylindrite-type minerals, which take their name from the typical cylindrical
morphology of the crystals, are known as ‘two-dimensional misﬁt’ structures
Fig. 16. Non-harmonic joint probability density isosurface for silver in the pearceite structure at RT in the
[Ag9CuS4]
2+ layer extended with S2 atoms, exhibiting the silver diffusion in the ab plane (Bindi et al.,
2006a). Level of the map: 0.05 A˚-3. Sulfur and copper atoms at an arbitrary size.
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(Makovicky and Hyde, 1981, 1992; Evain et al., 2006c; Makovicky et al., 2008, 2011).
According to Wiegers and Meerschaut (1992), this kind of modulated compound
exhibits complex layered crystal structures of the composite type, in which there is the
regular alternation of two types of layers, having one or two of their in-plane
parameters in an incommensurate ratio. In these minerals, the two layers (Fig. 21) are a
combination of a pseudo-quadratic layer (labelled Q) with a pseudo-hexagonal one
(labelled H; Makovicky and Hyde, 1981). In general, the Q layer is a (100) slab of the
PbS/NaCl archetype, two to four atoms thick (e.g. 2 in cylindrite, 4 in franckeite),
whereas the H layer is more variable, corresponding to different kinds of layer (i.e.
CdI2-type, tetradymite-type or NbS2-type). The relative orientation of the Q and H
layers depends on the relative sizes of their constitutive cations (Fig. 22).
Three members of the cylindrite group have recently been characterized structurally by
means of a (3+2)-dimensional superspace approach: levyclaudite, ~Cu3Pb8Sn7(Bi,Sb)3S28
Fig. 17. A portion of the overall structure highlighting the connectivity of the fundamental building blocks
[i.e. CuS2, (As,Sb)S3 and S(Ag,Cu)6] of the framework substructure in the average P3¯m1 crystal structure
(Tac polytype) of pearceite and polybasite (reproduced fromWithers et al. (2008) with the permission of
Elsevier).
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(Evain et al., 2006c), synthetic Sn31.52Sb6.23Fe3.12S59.12 (Makovicky et al., 2008) and
franckeite, Pb21.7Sn9.3Fe4.0Sb8.1S56.9 (Makovicky et al., 2011). All of these authors have
pointed out that this family of misﬁt-layer compounds results from the combination of two
heavily modulated triclinic Q and H subsystems with a common q wavevector and only one
shared reciprocal axis (stacking direction). The differences and similarities among the three
compounds are too complex to be outlined brieﬂy in a general review but are related to the
relationships between layer match and themodulation vector, divergence of layer stacking of
the two components, as well as the pronounced disorder of the Q component.
9. Naturally occurring quasicrystals
9.1. The case of icosahedrite
Although there is an increasing number of syntheses and careful characterizations of
new quasicrystals, there still has not been a general consensus concerning the status of
quasicrystals as a fundamental state of matter. These materials were also considered too
Fig. 18. The ~<001> zone axis electron diffraction pattern of a pearceite-Tac (Withers et al., 2008)
indexed in standard composite modulated fashion using the set of ﬁve reciprocal space basis vectors {aF*,
bF*, cF*, aAg* and bAg*}.
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Fig. 19. Electron diffraction pattern of a thick crystal portion of cupropearceite which shows: (a) the
dominant diffuse pseudo-hexagonal Ag+ ion distribution; (b) the incommensurate satellite reﬂections of
the Ag+ ion distribution (arrows) with the Ag+ sub-lattice emphasized (circle marks), along with the basic
framework lattice diffraction (reproduced from Bindi et al. (2013) with the permission of the
Mineralogical Society of America).
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elaborate to be stable states of matter given the fact that all ground states are crystalline.
This led to an alternative view to explain quasicrystals: as formed by random tilings
(arrangements of Penrose tiles without matching rules) with the icosahedral symmetry
appearing for entropic reasons, although not energetically preferred (Henley, 1991).
According to this picture, quasicrystals are inherently delicate, metastable oddities that
may only be synthesized for ideal compositions and under highly controlled laboratory
conditions. On the contrary, the original theory (construction of tilings with perfect
Fig. 20. Electron diffraction of the structure of cupropearceite dependent on temperature: (a) room
temperature (RT); (b) T = 90 K; (c) T = 4.2 K. The composite structure consisting of the basic framework
sub-structure (labelled with the subscript F) and the Ag+ ion sub-structure (labelled with the subscript Ag)
undergoes an incommensurate-to-commensurate phase transformation between RT and 4.2 K (see
satellites labelled by bold arrows) (reproduced from Bindi et al. (2013) with the permission of the
Mineralogical Society of America).
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matching rules) considered quasicrystals as energetically stable and robust as crystals
and forming even in conditions which were not ideal (Levine and Steinhardt, 1984).
In this context, it is clear that searching quasicrystals in nature could help to answer
this question. If quasicrystals are energetically stable and robust as crystals, then it is
conceivable that they formed under natural conditions, just like crystalline minerals.
So, the question is: is it possible that quasicrystals formed through natural geological
processes long before they were discovered in the laboratory?
After a decade-long search (Lu et al., 2001), in 2009, a new kind of mineral was
discovered in a rock labelled ‘‘khatyrkite’’ catalogued as coming from the Khatyrka
region of the Koryak mountains in the Chukotka autonomous okrug (district) on the
northeastern part of the Kamchatka peninsula (Bindi et al., 2009b, 2011) belonging to
the collections of the Museo di Storia Naturale of the Universita` degli Studi di Firenze
(catalogue number 46407/G). The mineral, a naturally formed quasicrystal, exhibits a
distinct atomic arrangement with rotational symmetries incompatible for ordinary
crystals. The ﬁrst natural quasicrystal has been accepted ofﬁcially by the Commission
on New Minerals, Nomenclature and Classiﬁcation of the International Mineralogical
Association and named icosahedrite for the icosahedral symmetry of its atomic
structure (Bindi et al., 2011). The mineral is classiﬁed as icosahedral (face-centred
icosahedral symmetry) with diffraction peaks labelled by six indices (corresponding to
the six basis vectors that deﬁne the reciprocal lattice).
Fig. 21. Example of Q layer (with a distorted PbS-/
NaCl-type structure) and H layer (with a CdI2-type
structure) in levyclaudite (modiﬁed after Evain et
al., 2006c). Spheres, with decreasing size, indicate
Pb/Sb, Sn, Cu and S, respectively.
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To characterize the atomic structure of icosahedrite, several grains of the mineral
were examined by transmission electron microscopy. The grains were found to be
mostly homogeneous, with a stoichiometry close to Al63Cu24Fe13. The diffraction
patterns consist of sharp peaks arranged in a quasi-periodic lattice with ﬁve-, three- and
two-fold symmetry (Fig. 23), the characteristic signature of an icosahedral quasicrystal
(e.g. Levine and Steinhardt, 1984; Bancel, 1991). In addition, the angles between the
symmetry planes are consistent with icosahedral symmetry. For example, the angle
between the two- and ﬁve-fold symmetry planes was 31.6(5)º, in excellent agreement
with the ideal rotation angle between the two-fold and ﬁve-fold axes of an icosahedron
[i.e. arctan(1/t) = 31.7º, where t is the golden ratio deﬁned as (1+H5)/2].
The cubic lattice parameter (in six-dimensional notation) obtained with the XRD
experiment for icosahedrite (Bindi et al., 2009b) can be written as a6D = 12.64 A˚
(Steurer and Deloudi, 2009), with probable space group Fm3¯5¯. The six-dimensional a
parameter for the synthetic analogue of icosahedrite ﬁrst synthesized by Tsai et al.
(1987) is reported as 4.45 A˚ and ~6.31 A˚ (Quiquandon et al., 1996; Quiquandon and
Gratias, 2006). These values are a6D/H(5t) and a6D/2, respectively, of the value
Fig. 22. Succession along the a13 (a23) axis of the Q and H layers in levyclaudite (modiﬁed after Evain et
al., 2006c). The subscripts indicate the different subsystems and the different subcells (see Evain et al.,
2006c for explanation). Broken lines indicate the two subsystem interactions (symbols as in Fig. 1.21).
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reported for icosahedrite by Bindi et al. (2009b); consequently, all the values are
consistent, depending on the arbitrary choice of principal-axis length for the same 6D
reciprocal lattice.
Interestingly, TEM and XRD experiments also demonstrated the high degree of
structural perfection in icosahedrite with respect to the typical quasicrystals produced
in the laboratory. Quasicrystals made by rapid quenching and/or embedded in a matrix
of another phase, exhibit easily detectable phason strains (Levine et al., 1985;
Lubensky et al., 1986). Phasons are hydrodynamic (gapless) modes that occur in
incommensurate crystals and quasicrystals in addition to the usual phonon modes. If the
atomic density r(x) is decomposed into a sum of incommensurate density waves, a
phason shift corresponds to uniform phase shifts between density waves the periods of
which have an irrational ratio. A phason strain corresponds to a spatial gradient in the
phase shift. According to Bancel (1991), at the atomic level, phason strains produce
rearrangements of atoms relative to the ideal, ground state conﬁguration that require
diffusive motion to relax away, so the phason strains remain after solidiﬁcation unless
the sample is grown under a very carefully controlled protocol. In reciprocal space, the
signature of phason strain is a systematic shift in the Bragg peak positions from the
ideal by an amount that increases as the peak intensity decreases. The effect is easily
observed by holding the diffraction pattern at a grazing angle and viewing down rows of
peaks. The phason strain can be observed as deviations of the dimmer peaks from
straight lines (Lubensky et al., 1986). The fact that icosahedrite shows no visible
phason strain (Fig. 23) means either the mineral sample formed without phason strain in
the ﬁrst place, or subsequent annealing was sufﬁcient for phason strains to relax away.
Beside the crystallographic description of the ﬁrst naturally occurring quasicrystal, a
puzzling, but, at the same time, very exciting aspect for geologists is the presence of
metallic aluminium in the quasicrystal grains as well as some of the other mineral
phases (i.e. khatyrkite, CuAl2, and cupalite, CuAl) found in the rock hosted in the
mineralogical collections of the Florence Museum (Bindi et al., 2009b, 2011). Indeed,
aluminium normally oxidizes unless placed in a highly reducing environment, as is
done in the laboratory or in industry. Hence, serious consideration had to be given to the
possibility that the sample is slag or an accidental byproduct of some anthropogenic
process. Some of the signiﬁcant evidence against this possibility includes: the remote,
uninhabited region where the sample was found being very far from any industry; the
presence of typical rock-forming minerals (forsterite and diopside) in direct contact
with metal alloys; the absence of glass or bubbles; unusual zoning of phosphorus and
chromium in the forsterite grains (Bindi et al., 2012; Steinhardt and Bindi, 2012); the
concentration of nickel in the forsterite but not in the metal alloys (Bindi et al., 2012);
and, most importantly, grains of quasicrystal trapped within stishovite (Bindi et al.,
2012; Steinhardt and Bindi, 2012). Each of these features is individually inconsistent
with an anthropogenic origin for different reasons; collectively, they make an
overwhelming case that some natural process led to the formation of the rock.
As the quasicrystal and the other metallic aluminium alloys cannot be explained by
any conventional geological processes, determining how they formed has been both
246 L. Bindi and G. Chapuis
challenging and important. The discovery of the stishovite grain noted above (Bindi et
al., 2012; Steinhardt and Bindi, 2012) indicated that the mineral formed at pressures
that occur under exotic conditions, either very deep under the surface of the Earth, near
the boundary between core and mantle, or in space, through the collisions of meteors
and asteroids. To distinguish between the two possibilities, a series of ion-probe
experiments that measure the ratio of oxygen isotopes was carried out (Bindi et al.,
2012; MacPherson et al., 2013). The results were unmistakable: the oxygen isotopes
matched precisely the known abundances of the carbonaceous chondrites, among the
oldest meteorites to have formed in our solar system.
Fig. 23. The ﬁve-fold (a), two-fold (c) and three-fold (d) electron diffraction patterns for icosahedrite. The
patterns correspond perfectly, up to experimental resolution, with the ﬁve-, two-, and three-fold patterns
predicted for a face-centred icosahedral quasicrystal. Figure (b) shows the convergent beam (Kikuchi)
diffraction pattern obtained along the ﬁve-fold axis, providing further physical evidence of the symmetry
and high degree of translational order (reproduced from Bindi et al. (2011) with the permission of the
Mineralogical Society America).
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Establishing that the sample is indeed natural took nearly 2 years of laboratory (Bindi
et al., 2012) and detective work, and, ultimately, a geological expedition to the Koryak
Mountains of Chukotka in far eastern Russia to ﬁnd additional samples. The
extraordinary story, recounted elsewhere (Bindi and Steinhardt, 2012; Steinhardt and
Bindi, 2012) established that the quasicrystal and the rock containing it are deﬁnitely
part of a carbonaceous chondrite, with calcium aluminium inclusions, that dates back
4.5 Gya to the formation of the solar system (MacPherson et al., 2013). The new
meteorite ﬁnd has been named Khatyrka (MacPherson et al., 2013). The name derives
from the Khatyrka river, which is one of the main rivers draining the Koryak
Mountains. That river is also the basis for the name of the mineral, khatyrkite, which
gives an added symmetry to the meteorite name. Khatyrka has been approved by the
Nomenclature Committee of the Meteoritical Society and representative specimens
have been deposited at the U.S. National Museum of Natural History, Smithsonian
Institution, Washington D.C.
In the Khatyrka meteoritic fragments recovered during the expedition, which present
a range of evidence indicating that an impact shock generated a heterogeneous
distribution of pressures and temperatures in which some portions of the meteorite
reached at least 5 GPa and 1200ºC (Hollister et al., 2014), the second natural
quasicrystal has been found (Bindi et al., 2015a). The quasicrystal has the composition
Al71Ni24Fe5 and is the ﬁrst known natural quasicrystal with decagonal symmetry, a
periodic stacking of layers containing quasiperiodic atomic arrangements with ten-fold
symmetry. The mineral and its name have been approved by the Commission on New
Minerals, Nomenclature and Classiﬁcation of the International Mineralogical
Association (Bindi et al., 2015b). As already observed for icosahedrite (Bindi et al.,
2009b, 2011), decagonite exhibits a high degree of structural perfection, particularly
the absence of signiﬁcant phason strains. This is unusual because such a high degree of
perfection was obtained in a quasicrystal intergrown with other phases under
conditions that are clearly far from equilibrium and not under controlled laboratory
conditions. We think that either the mineral samples formed without phason strain in
the ﬁrst place, or subsequent annealing was sufﬁcient for phason strains to relax away.
So, what is the signiﬁcance of the discovery of the ﬁrst minerals with forbidden
symmetry in Nature? In geology, the discovery of natural quasicrystals has opened a
new chapter in the study of mineralogy, forever altering the conventional classiﬁcation
of mineral forms. In condensed-matter physics, the discovery has pushed back the age
of the oldest quasicrystals by orders of magnitude and has had an impact on our view of
how difﬁcult it is for quasicrystals to form. Finding natural quasicrystals has also been a
way of studying quasicrystal stability over annealing times and conditions not
accessible in the laboratory. Identifying materials that form quasicrystals has always
relied signiﬁcantly on trial-and-error and serendipity, and searching through nature has
proved to be an effective complement to laboratory methods. Finally, the discovery has
suggested new geological or extra-terrestrial processes of formation.
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10. Conclusions
The ﬁeld of aperiodic crystallography is now well established. The discovery of natural
minerals covering all the variants of aperiodic structures, i.e. incommensurate and
composite structures as well as quasicrystals is deﬁnite proof of the stability of their
structures over a long period of time. The theory of superspace including the symmetry
properties is now commonly used to resolve and describe aperiodic structures.
The recent development of intensive synchrotron sources along with the rapid evolution
of two-dimensional detectors has led to the discovery of several incommensurate crystals,
and indicated that incommensurability cannot be ignored in any ﬁeld of solid-state
sciences. Indeed, incommensurate modulation has been found in almost all families of
structures that include synthetic inorganic and organic compounds, as well as proteins.
Modulated structures have also been found widely in various minerals. However,
structural studies of naturally occurring incommensurately modulated structures, using
the superspace formalism, are few in number. Studies limited to electron diffraction are
not sufﬁcient because accurate knowledge of the modulation functions is a prerequisite for
understanding the crystal chemistry of incommensurate crystals. The structural analysis
of modulated minerals is still very underdeveloped, and is probably one of the major
future challenges in the ﬁeld of crystallography.
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